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Abstract. This is the third part of a series of four articles on weighted norm in- 
equaUties, off-diagonal estimates and elliptic operators. For L in some class of elliptic 
operators, we study weighted norm inequalities for singular "non-integral" opera- 
tors arising from L ; those are the operators ^p{L) for bounded holomorphic functions 
tp, the Riesz transforms VL^^/^ (or (— A)^/^L^^/^) and its inverse L^/^(— A)~^/^, 
some quadratic functionals gL and Gl of Littlewood-Paley-Stein type and also some 
vector-valued inequalities such as the ones involved for maximal L^-regularity. For 
each, we obtain sharp or nearly sharp ranges of p using the general theory for bound- 
edness of Part I and the off-diagonal estimates of Part II. We also obtain commutator 
results with BMO functions. 

Contents 



1. Introduction 1 

2. General criteria for boundedness and the set YVwiPQ: qo) 3 

3. Off-diagonal estimates 5 

4. Functional Calculi 8 

5. Riesz transforms 12 

6. Reverse inequalities for square roots 16 

7. Square functions 21 

8. Some vector-valued estimates 31 

9. Commutators with bounded mean oscillation functions 33 

10. Real operators and power weights 36 
References 37 



1. Introduction 

In this part, we consider divergence form uniformly elliptic complex operators L = 
— div(y4 V) in M" and we are interested in weighted estimates for: 

(a) ^p{L) with bounded holomorphic functions on sectors (Section 4). 

(6) The square root L^/^ compared to the ones for V and, in particular, the Riesz 
transforms VL~^/^ (Sections 5, 6). 
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(c) Typical square functions "a la" Littlcwood-Paley-Stein: one, ql, using only func- 
tions of L, and the other, Gl, combining functions of L and the gradient operator 
(Section 7). 

{d) Vector-valued inequalities for the operators above and the so-called i?-bounded- 
ness of the analytic semigroup {e~^^} which is linked to maximal regularity (Sec- 
tion 8). 

Let us stress that those operators may not be representable with "usable" kernels: 
they are "non-integral" . But they still are singular in the sense that they are of order 0. 
Hence, usual methods for singular integrals have to be strengthened. The unweighted 
LP estimates are described in [Aus] for the operators in (a) — (c), with emphasis 
on the sharpness of the ranges of p. The instrumental tools are two criteria for 
boundedness, valid in spaces of homogeneous type: one was a sharper and simpler 
version of a theorem by Blunck and Kunstmann [BKl] in the spirit of Hormander's 
criterion via the Calderon-Zygmund decomposition, and the other one a criterion of 
the first author, Coulhon, Duong and Hofmann [ACDH] in the spirit of Fefferman 
and Stein's sharp maximal function via a good-A inequality. The main interest of 
those results were that they yield boundedness of (sub)linear operators on spaces 
of homogeneous type for p in an arbitrary interval. Such theorems are extended in 
Part I of our series [AMI] to obtain weighted bounds for the operator itself, its 
commutators with a BMO function and also vector-valued expressions. 

In Part 11 [AM2], we studied one-parameter families of operators satisfying lo- 
cal LP — estimates called off- diagonal estimates on balls (the setting is that of a 
space of homogeneous type). Among other things, such estimates imply uniform L^- 
boundedness and are stable under composition. In case of one-parameter semigroups, 
we showed that as soon as there exists one pair (p, q) of indices with p < q for which 
these local — estimates hold, then they hold for all pairs of indices taken in 
the interior of the range of W boundedness. This fact is of utmost importance for 
applications as we often need to play with exponents. We showed that such estimates 
pass from the unweighted case to the weighted case. Eventually, we made a thorough 
study of weighted off-diagonal estimates on balls for the semigroup arising from the 
operator L above. 

Our strategy here has the same two steps in each of the four situations described 
above. The first step consists in obtaining a first range of exponents p (depending on 
the weight) by applying the abstract machinery from Part I. This range turns out to 
be the best possible for both classes of operators and weights. 

However, given one operator and one weight, the range of p obtained above may 
not be sharp, and this leads us to the second step. The sharp range is in fact related 
to the one for weighted off-diagonal estimates established in Part II. At this point, 
we use the main results of Part I in the Euclidean space but now equipped with the 
doubling measure w{x) dx. 

We wish to point out that some of our results can be obtained by different methods 
(essentially from geometric theory of Banach spaces) once the bounded holomorphic 
functional calculus is estabhshed in (a). We give the references in the text. 
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We wish to say that our proofs are technically simpler than the ones in [Aus] even 
for the unweighted case, because the notion of off-diagonal estimates used here is more 
appropriate. 

Finally, thanks to the general results in Part 1, the same technology allows us to 
prove in passing weighted LP estimates for commutators of the operators in (a) — (c) 
with BMO functions in the same ranges of exponents (see Section 9) . 

2. General criteria for boundedness and the set >Vt„(po,?o) 

The underlying space is the Euclidean setting R" equipped with Lebesgue measure 
or a doubling measure obtained from an A^q weight. We state two results used in this 
work, referring to [AMI] for statements in stronger form and for references to earlier 
works. 

Given a ball we write 



Let us introduce some classical classes of weights. Let w be a weight (that is a non 
negative locally integrable function) on M". We say that w € Ap, 1 < p < oo, if there 
exists a constant C such that for every ball B C M", 



For p = 1, we say that w ^ Ai'ii there is a constant C such that for every ball B dMP^ 



4- w dx < C w{y), for a.e. y E B. 
Jb 

The reverse Holder classes are defined in the following way: w e RHq, 1 < g < oo, if 
there is a constant C such that for any ball B, 



The endpoint g = oo is given by the condition w E RH^ whenever there is a constant 
C such that for any ball B, 



The following facts are well-known (see for instance [GR, Gra]). 

Proposition 2.1. 

(i) Ai (Z Ap (Z Ag for 1 < p < q < oo. 
(a) RHoo C RHq C RHp for 1 <p <q <oo. 

(iii) If w E Ap, 1 < p < oo, then there exists 1 < q < p such that w & Ag. 

(iv) If w & RHg, 1 < q < oo, then there exists q < p < oo such that w e RHj 







for a.e. y G B. 




A^= [j Ap= \J RHg 



l<p<oo l<g<oo 



{vi) 



If 1 < p < oo, w & Ap if and only if w 



-P' G A, 
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(t'zz) If w G Aoo, then the measure dw = w dx is a Borel doubling measure. 

If the Lebesgue measure is replaced by a Borel doubling measure /x, then all the 
above properties remain valid with the notation change [ST]. 

Given 1 <Pq < qo < oo and w e (with respect to a Borel doubling measure //) 
we define the set 

W«;(Po,go) = {p : Po < p < qo,w e As. f\RH^^y]. 
li w — 1, then Wi(po, ?o) — (po, ?o)- As it is shown in [AMI], if not empty, we have 

>V„(po, qo) = (po r^, t^J 

where 

Ty, — inf{r >l:w& A^}, = sup{s > 1 : w e RHg). 

We use the following notation: if 5 is a ball with radius r{B) and A > 0, AS 
denotes the concentric ball with radius r(A B) — \ r{B), Cj{B) — 2-'+^ B\2^ B when 
i > 2, Ci(S) =4S, and 



i 



hdjJi ~ /n -1-1 n\ / ^ '^A''- 



Theorem 2.2. Le^ n be a doubling Borel measure on R" and 1 < Po < qo < oo. 

Let T be a sublinear operator acting on U'°{ii), {Ar}r>o family of operators acting 
from a subspace V of L^" (fi) into L^^ (/x) and S an operator from T> into the space of 
measurable functions on M". Assume that 

(/ |T(7- < \Sfrd^^Y\ (2.1) 

and 

|TA(B)/|* d^^) ^ < Y.9{3) ( £.^^ ^ \Tfr d^Y', (2.2) 



for all / e X>, a^/ 6aZ/ B where r{B) denotes its radius for some g{j) with Yl, 9{j) < 

{with usual changes if qo = oo). Let p G yVw{po,qo), that is, po < p < qo and 
w e Ap_ n RH/q^y. There is a constant C such that for all f & V 

[p ) 

||T/|U.(^)<C||5/|U.(^). (2.3) 

An operator acting from A to i? is just a map from A to B. Sublinearity means 
\Tif + g)\ < |r/| + |r^| and |r(A/)| - |A||r(/)| for all /, ^ and a e R or C (although 
the second property is not needed in this section). Next, L^iw) is the space of complex 
valued functions in L^^dw) with dw — wd/i. However, all this extends to functions 
valued in a Banach space. 

Remark 2.3. In the applications below, we have, cither Sf = f with / G the 
space of compactly supported bounded functions on M", or Sf = V/ with / G 5 the 
Schwartz class on M" (see Section 6). 
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Let US recall that the doubling order D of a doubling measure is the smallest 
number k, > such that there exists C > for which Ijl{XB) < C^X'^ ijl{B) for every 
ball B and for any A > 1. 

The other criterion we are going to use is the following. 

Theorem 2.4. Let ^ he a doubling Borel measure on M", D its doubling order and 
1 ^ < 9o ^ oo. Suppose that T is a suhlinear operator bounded on and that 

{Ar}r>o is family of linear operators acting from into L^^{\i). Assume that for 

(/ \T{I-AriB))frd^)^ <g{j)U l/rd/.)™ (2.4) 

and for j > 1, 

(/ \AiB)frdi,)^<g{j)U i/rrf/.)™ (2.5) 

for all ball B with r{B) its radius and for all f e supported in B. If^j g{j) < 
oo thenT is of weak type {po,Po) and hence T ts of strong type {p,p) for all po < p < Qq. 
More precisely, there exists a constant C such that for all f e 

\\Tf\y^,)<c\\f\y^,y 

Again, the statement has a vector-valued extension for linear operators acting on 
and into LP functions valued in a Banach space. 

Remark 2.5. Notice the symmetry between (2.1) and (2.4). 

3. OfF-DIAGONAL ESTIMATES 

We first introduce the class of elliptic operators considered in this work. Let A be 
an n X n matrix of complex and L°°-valued coefficients defined on M". We assume 
that this matrix satisfies the following ellipticity (or "accretivity" ) condition: there 
exist < A < A < oo such that 

A|eP<ReA(x)C-C" and |A(x) ^ CI < A iCl ICI, 

for all ^, C G C" and almost every a; G M". We have used the notation ^ • C = 

Ci H \-inC,n and therefore ^ • C is the usual inner product in C". Note that then 

A{x) ^ -C — Ylij k ^3,k{^) Cj- Associated with this matrix we define the second order 
divergence form operator 

Lf = -diY{A\/f), 

which is understood in the standard weak sense as a maximal- accretive operator on 
L^(M", dx) with domain I^(L) by means of a scsquilinear form. 

The operator —L generates a C°-semigroup {e^^^}t>o of contractions on L^(]R"', dx). 
Define ^ e [0,7r/2) by, 

^ = sup{|arg(L/,/)| : feV{L)}. 

Then the semigroup has an analytic extension to a complex semigroup {e^^^jzes^/g.^ 
of contractions on L^(R", dx). Here we have written for < ^ < tt, 

Ee = {zeC* : \ argz\ < 9}. 
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Let w G Aoo- Here and thereafter, we write Lp{w) for L^(M", wdx) and if w = 1, we 
drop w in the notation. We define Jw{L) and lCw{L) as the (possibly empty) intervals 
of those exponents p G [l,oo] such that {e~*^}t>o is a bounded set in C{U'{w)) and 
{v^ Ve"*-^}(>o is a bounded set in C{U'{w)) respectively (where C{X) is the space of 
linear continuous maps on a Banach space X). 

We extract from [Aus, AM2] some definitions and results (sometimes in weaker 
form) on unweighted and weighted off-diagonal estimates. See there for details and 
more precise statements. Set d{E, F) — inf{|x — y\ : x & E,y & F} where E, F are 
subsets of M". 

Definition 3.1. Let 1 < p < q < oo. We say that a family {Tt}t>o of suhlinear 
operators satisfies — L'' full off-diagonal estimates, in short Tt E ^{U' — L'^) , if for 
some c > 0, for all closed sets E and F , all f and all t > we have^ 

( Jjuxe <h^— ^e-'^( Ijii'dxy. (3.1) 

We set T(s) = max{s,s~^} for s > 0. Given a ball B, recall that Cj{B) = 
2^+1 B\2^ B for j > 2 and if w e Aoo we use the notation 

J-hdw— — —— [ hdw,i- hdw— — / hdw. 
Tb w{B) Js 7c,iB) w{2^+^B) 4(5) 

Definition 3.2. Given 1 < p < q < oo and any weight w e A^, we say that a family 
of suhlinear operators {Ti}t>o satisfies U'{w) — L^{w) off-diagonal estimates on halls, 
in short Tt E O (^Wiw) — L'^iw)) , if there exist 9i,92 > and c > such that for every 
t > and for any hall B with radius r and all f , 

{£\^'^XBf)\'dwy<T(^-^y {£\frdwy; (3.2) 

and, for all j >2, 

il |r,(Xc,,B, /)N»)' S 2'" t(^)"" e-^ (£^^^^ (3.3) 

and 




Let us make some relevant comments for this work (see [AM2] for further details) . 

• In the Gaussian factors the value of c is irrelevant as long as it remains non negative. 
We will freely use the same letter from hue to line even if its value changes. 

• These definitions extend to complex families {T^l^eSe with t replaced by \z\ in the 
estimates. 

• In both definitions, Tf may only be defined on a dense subspace T> of or U'{w) 
{1 < p < 00) that is stable by truncation by indicator functions of measurable sets 
(for example, Lp n L^, Lp{w) n or L"^). 

^Here and thereafter, for two positive quantities A,B,hyA<B we mean that there exists a 
constant C > (independent of the various parameters) such that A < CB. 
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• If q = oo, one should adapt the definitions in the usual straightforward way. 

• — off-diagonal estimates on balls are equivalent to pointwise Gaussian 

upper bounds for the kernels of T^. 

• Both notions are stable by composition: Tt G 0(^L'^{w) — U{vS)) and St G 
Oipiw) - U{w)) then Tj o 5* G OiUiw) - U{w)) when l<p<g<r<oo 
and similarly for full off-diagonal estimates. 

• When w = \^ LP — off-diagonal estimates on balls are equivalent to LP — L'^ full 
off-diagonal estimates. 

• Notice the symmetry between (3.3) and (3.4). 

If / is a subinterval of [1, oo], Int / denotes the interior in M of / fl M. 
Proposition 3.3. Fix m G N and < // < 7r/2 — i?. 

(a) There exists a non empty maximal interval in [l,oo\, denoted by J{Lj), such 
that ifp,q G J{L) with p < q, then {{zL)'^e~^^}zeT,u, satisfies — L'^ full off- 
diagonal estimates and is a bounded set in C{U'). Furthermore, J{L) C J{L) 
and Int J(L) = Int J(L). 

(6) There exists a non empty maximal interval of [1, oo], denoted by 1C{L), such that 
if p, q G /C(L) with p < q, then {y/zV{zL)'^e~^'^}z^^^ satisfies L/ - L'^ full off- 
diagonal estimates and is a bounded set in C{LJ'). Furthermore, 1C{L) C JC{L) 
and Int /C(L) = Int /C(L) . 

(c) /C(L) C J^{L) and, forp < 2, we have p G /C(L) if and only if p G J{Lj\ 

(d) Denote by p_{L),p^{L) the lower and upper bounds of J{Lj) {hence, of Int J7'(L) 
also) and by q_{L),q^{L) those of /C(L) {hence, of Int/C(L) also). We have 
p4L)^q4L) and (g_(L))* < p+(L). 

(e) Lfn = l, J{L) = JC{L) = [l,oo]. 

if) Lfn = 2, J{L) = [l,oo] andlC{L) D [l,q+iL)) with q+{L) > 2. 
{g) Lfn>3, p^L) < p+{L) > ^ and q+{L) > 2. 
We have set q* — the Sobolev exponent of q when q < n and q* — oo otherwise. 

Proposition 3.4. Fix m G N and < /i < 7i/2 — t?. Let w G Aoo- 

(a) Assume W^{p-{L),p+{L)) ^ 0. Th ere is a maximal interval of [1, oo], denoted 
by Jyj{L), containing >Vw(j9_(L),p+(L)), such that if p,q G Jw{,Lj) with p < q, 
then {{zL)"^e''^^}z£Y.f, satisfies U'iw) — L'^{w) off-diagonal estimates on balls and 
is a bounded set in C{LP{w)). Furthermore, Jw{Lj) C Jw{L) and Int j7uj(L) = 
Int J^(L). 

(6) Assume (g_(L), g_|_(L)) ^ 0. There exists a maximal interval o/[l,oo], de- 
noted by lCyj{L), containing >Vw(g_(L), g+(L)) such that if p,q G JCw{L) with 
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p < q, then {y/z'V{zL)™'e~^^}z£T,^ satisfies L^{w) — L'*{w) ojf-diagonal estimates 
on balls and is a bounded set in C{Lp{w)). Furthermore, lCw{L) C lCw{L) and 
Int lCw{L) — Int lCy,{L) . 

(c) Letn > 2. Assume W^{q-{L), q+{L)) ^ 0. Then 1C^{L) C jr^(L). Moreover, 
\TdJy,{L) = inf /C^(L) and (sup/C^(L))^ < sup j;„(L). 

(d) If n = \, the intervals J^w{L) and ICw{L) are the same and contain {ryj,oo] if 
w ^ Ai and are equal to [l.oo] if w & Ai. 

We have set q* = when q < nr^ and q* = oo otherwise. Recall that 

rw — inf{r > 1 : w E Ar} and also that — sup{s > 1 : w e RHg}. 

Note that W^(p_(L),p+(L)) ^ means > This is a compatibility 

condition between L and w. Similarly, >V^(g_(L), q+{L)^ ^ means ^"""l^j > rtu(sty)', 
which is a more restrictive condition on w since q-{L) — P-{L) and q+{L) < p+{L). 

In the case of real operators, iJ{L) = [1, cxd] in all dimensions because the kernel e~*^ 
satisfies a pointwisc Gaussian upper bound. Hence VV^(p_(L),p+(L)) = (r^,oo). If 
w e Ai, then one has that Jw{L) = [1, oo]. If w ^ yli, since the kernel is also positive 
and satisfies a similar pointwise lower bound, one has Jyj{L) C (r^,cxD]. Hence, 
IntJ-^(L)=>V^(p_(L),p+(L)). 

The situation may change for complex operators. But we lack of examples to say 
whether or not Jui{L) and >Vi„(p_(L),p+(L)) have different cndpoints. 

Remark 3.5. Note that by density of in the spaces U'{w) for 1 < p < oo, the 
various extensions of e~^^ and Ve~^^ are all consistent. We keep the above notation 
to denote any such extension. Also, we showed in [AM2] that as long as p G Jv,{L) 
with p ^ oo, {e~*^}t>o is strongly continuous on U'{w), hence it has an infinitesimal 
generator in LP{w), which is of type '&. 

From now on, L denotes an operator as defined in this section with the four numbers 
P-{L) = q-{L) andpj^{L), We often drop L in the notation: p_ = p^{L), 

.... For a given weight w E Aoo, we set Ww{p-,p+) = iP-,P+) {when it is not 
empty) and Int j7u,(L) = {p_,p^). We have p- < p- < p+ < P+- Similarly, we set 
Ww{q-,q+) = {q-,q+) {when it is not empty) and Int ]Cy,{L) — We have 

q- <q- <q+< q+. 

4. Functional Calculi 

Let II e {'&, tt) (do not confuse with the measure used in Section 2) and 93 be a 
holomorphic function in with the following decay 

W{z)\<c\zY{i + \z\)-^% zeJ:,, (4.1) 

for some c, s > 0. Assume that 'd<6<u<iji< 7r/2. Then we have 

ip{L) = j e-'^rj+{z)dz + j e''^ r].{z) dz, (4.2) 

where r± is the half ray M+ e^^^'^/^-^), 

r)±{z)^^. f e^XOdC, zer^, (4.3) 
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with 7-1- being the half-ray M"*" e^**^ (the orientation of the paths is not needed in what 
follows so we do not pay attention to it). Note that 

<min(l,|^r^-i), zer±, (4.4) 

hence the representation (4.2) converges in norm in £{L'^). Usual arguments show the 
functional property (p{L) iplL) = {ipip){L) for two such functions (fijip. 

Any L as above is maximal- accretive and so it has a bounded holomorphic functional 
calculus on L^. Given any angle /i e (•??, vr): 

(a) For any function ip, holomorphic and bounded in E^, the operator (fi{L) can be 
defined and is bounded on with 

||(^(L)/||2<C||(^||oo||/||2 

where C only depends on i? and 

(b) For any sequence (pk of bounded and holomorphic functions on converging 
uniformly on compact subsets of to (p, we have that (fik{L) converges strongly 
to (p{L) in jC{L^). 

(c) The product rule (p{L) ip{L) — {(ptl;){L) holds for any two bounded and holomor- 
phic functions (p, in E^. 

Let us point out that for more general holomorphic functions (such as powers) , the 
operators ipi^L) can be defined as unbounded operators. 

Given a functional Banach space X, we say that L has a bounded holomorphic 
functional calculus on X if for any /i G (i?, vr), for any (p holomorphic and satisfying 
(4.1) in one has 

Ilv'(^)/llx < c llv^lU ll/IU, / G X n L^ (4.5) 

where C depends only on X , 'd and fi (but not on the decay of (/?). 

If X = LP{w) as below, then (4.5) implies that (p{L) extends to a bounded operator 
on X by density. That (a), (b) and (c) hold with replaced by X for all bounded 
holomorphic functions in S^, follow from the theory in [McI] using the fact that on 
those X, the semigroup {e^*^}(>o has an infinitesimal generator which is of type i) (see 
the last remark of previous section). We skip such classical arguments of functional 
calculi. 

Theorem 4.1. [BKl, Aus] The interior of the set of exponents p e (1, cxd) such that 
L has a bounded holomorphic functional calculus on LP is equal to Int J{I^) defined 
in Proposition 3.3. 

Our first result is a weighted version of this theorem. We mention [Mar] where 
similar weighted estimates are proved under kernel upper bounds assumptions. 

Theorem 4.2. Let w e be such that Wnj{p-{L),p+{L)) ^ 0. Let p e Int Jyj{L) 
and II e (■»?, tt). For any (p holomorphic on E^ satisfying (4.1), we have 

\ML)f\\L.i^) < c II^IU UWlpm, f e (4.6) 

with C independent of ip and f . Hence, L has a bounded holomorphic functional 
calculus on LJ'{w). 
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Remark 4.3. Fix w G with (p_(L),p+(L)) ^ 0. If 1 < p < oo and L has 
a bounded holomorphic functional calculus on Lp(w), then p e Jw{L). Indeed, take 
i^{z) — e~^. As lntJy]{L) — lntJy,{L) by Proposition 3.3, this shows that range 
obtained in the theorem is optimal up to endpoints. 

Proof. It is enough to assume ji < 7r/2. Note that the operators e~^^ are uniformly 
bounded on Lp{w) when z G S^, hence, by (4.4), the representation (4.2) converges in 
norm in C{U'{'w)). Of course, this simple argument does not yield the right estimate, 
(4.6), which is our goal. It is no loss of generality to assume that Halloo — 1- We split 
the argument into three cases: p G (p_,p+), p G (p_,p+), p G (p_,p+). 

Case p G (p_,p+). By {iii) and {iv) in Proposition 2.1, there exist Pq, Qq such that 
P- < Po < p < qo < p+ and w G Ap_ fl RH/q^ y. 

PO [p) 

The desired bound (4.6) follows on applying Theorem 2.2 for the underlying measure 
dx and weight w to T = (p{L) with po, go, Ar = I — {I — ^)"^ where m > 1 is 
an integer to be chosen and S — I . As (p{L) and (/ — e~'^ ^)"* are bounded on 1^° 
(uniformly with respect to r for the latter) by Proposition 3.3 and Theorem 4.1, it 
remains to checking both (2.1) and (2.2) onT> = L^. 

We start by showing (2.2). We fix / G L'^ and a ball B. We will use several times 
the following decomposition of any given function h: 

i>i 

Fix 1 < k < m. Since p^ < go and poiQ'o ^ >^{L), we have e~*^ G 0(^L^" — L*') (we 
are using the equivalence between the two notions of off-diagonal estimates for the 
Lebesgue measure), hence 

and by Minkowski's inequality 

with g{j) = 2-' (^i+^2) g-a4J' for }^ g ^po This estimate with h = (p{L)f G 1^° 
yields (2.2) since, by the commutation rule, (p{L)e~''^^ ^ f — e'^'^^^h. 

We next show (2.1). Let / G and S be a ball. Write / = ^j>ifj as before. 
For j = 1, we use the Lp° boundedness of (fi{L) and (/ — e"''^^)"*, hence 



(4.8) 



i^im-e-^-'^^rhrdxY' < i^jjfrdxyr (4.9) 

For j > 2, the functions ri± associated with tl){z) = ip{z) (1 — e~^^^)™ by (4.3) satisfy 
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Since po G J{L), {e-'^},^r± G 0{Lpo - L^'^) and so 

'''^f^rdxY\ri+{z)\\dz\ 




\dz\(-j- \frdxY 



PO 

\J 

'Cj{B) 

provided 2m > ^2- We have used, after a change of variable, that 



^0 



7 



s 



'0 

The same is obtained when one deals with the term corresponding to r_. Plugging 
both estimates into the representation of ip{L) given by (4.2) one obtains 

1 p 1 

\ip{L){I -e-''Tfj\P°dxy° <2^^'^'-^"'^ (^j \ff'dxy°, (4.10) 

J Cj (B) 

therefore, (2.1) holds when 2m > max{6'i,6'2} since Cj{B) C 2-^+^5. 

Case p e (p_,p+): Take po, Qq such that p_ < po < P+ ^-nd Po < P < Qo < P+- Let 
Ar = I — {I — e"'' ^)"^ for some large enough m > 1. Remark that by the previous 
case, ^p{L) has the right norm in C{LP"{w)) and so does A,- by Proposition 3.4. We 
apply Theorem 2.2 with the Borel doubling measure dw and no weight. Thus, it is 
enough to see that (p{L) satisfies (2.1) and (2.2) for dw on V — C U'°{w). But 
this follows by adapting the preceding argument replacing everywhere dx by dw and 
observing that e~^^ G 0(i7°(w) — L'^°{w)) since po,?o € lntJ'w{L) and po < go- We 
skip details. 

Case p e (p_,p+): Take po, qo such that p_ < go < P+ and p- < po < p < go. Set 
Ar = I — {I — ^)"^ for some integer m > 1 to be chosen later. Since go ^ 
by the first case, ^p{L) has the right norm in C{L'^"{w)) and so does Ar by Proposition 
3.4. We apply Theorem 2.4 with underlying measure dw. It is enough to show (2.4) 
and (2.5). Fix a ball B and / e supported in B. 

We begin with (2.5) for Ar- It is enough to show it for e^''''' ^ with 1 < k < m. 
Since po, go G Jw{L) and po < ?o we have e~*^ e 0{U'°{w) — L'^°{w)), hence 

|e-'='-'^/|^°(iw)^ <2^'(^i+^^)e-^^'(^ |/rrf«^)^. (4.11) 

This implies (2.5) with g{j) = (72^ (^1+^2) g-c4^ ^^d Ej>i^(i)2^^' < 00 holds where 
D is the doubling order of dw. 

We turn to (2.4). Let j > 2. The argument is the same as the one for (4.10) by 
reversing the roles of Cj{B) and B, and using dw and e~^^ E 0(L^"(w) — U'"{w)) 
(since po E J^{L)) instead of dx and e'^^ e 0(L*'o - L*'"). We obtain 

|(^(L)(/-e-'^'^)"^/|*'°d^/;)^ <2i(ei-2m) f^j 
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provided 2 m > 62 and it remains to impose further 2 m > 61 + D to conclude. □ 

Remark 4.4. If W^(p_,p+) 7^ 0, the last part of the proof yields weighted weak-type 
of (p{L) provided p_ e Jyj{L). To do so on only has to take po =P-- 

5. RiESZ TRANSFORMS 

The Riesz transforms associated to L are 9jL~^/^, 1 < 3 < n. Set VL~^/^ = 
. . . , duL-^''^). The solution of the Kato conjecture [AHLMcT] imphes that 
this operator extends boundedly to (we ignore the C*- valued aspect of things). 
This allows the representation 

in which the integral converges strongly in both at and 00 when f ^ L^. Note 
that for an arbitrary f ^ L?', h — L'^l'^j makes sense in the homogeneous Sobolev 
space il^ which is the completion of C^(R") for the semi-norm || V/i||2 and V becomes 

the extension of the gradient to that space. This construction can be forgotten if n > 3 
as C but not if n < 2. To circumvent this technical difficulty, we introduce 
S's = f^^^ for < £ < 1 and, in fact, V^^ are uniformly bounded on 

and converge strongly in L^. This defines VL^^/^. 

Theorem 5.1 ([Aus]). The maximal interval of exponents p G (l,oo) for which 
VL~^/^ has a bounded extension to is equal to Int/C(L) defined in Proposition 
3.3 and for p e Int/C(L), ||V/||p ~ \\L^^^f\\p for all f G V{L^/^) = {the Sobolev 
space) . 

Again, the operators VS^ are uniformly bounded on If and converge strongly in 
U>ase^O. Indeed, for / e SJ e V{L) C P(LV2) and \\VSJ\\p < \\L^/^SJ\\p. 
Observe that L^^'^Se = (p£{L), where ip^ is a bounded holomorphic function in 
for any < fi < n/2 with sup^ llv'elloo < 00 and {^pe}e converges uniformly to 1 on 
compact subsets of as £ — 0. The claim follows by Theorem 4.1 and density. 

We turn to weighted norm inequalities. Remark that by Proposition 3.4, for all p e 
J'w{L), Sg is bounded on L^{w) (the norm must depend on e) and for all p £ }Cyj{L), 
is bounded on LP^w) with no control yet on the norm with respect to e. 

Theorem 5.2. Let w e be such that Ww{q-{L),q^{L)) ^ 0. For all p e 
Int/C^(L) and f e Lf, 

||VL-VV||^,(^) < ||/||^,(^). (5.2) 
Hence, VL'^^^ has a bounded extension to lJ'{w). 

We note that for a given p G Int /C^(L), once (5.2) is established, similar arguments 
using Theorem 4.2 imply convergence in U'{w) of VSgf to VL"^/^/ for / G L^. 

Proof. We split the argument in three cases: p G (g_,5+), P G (g_,$+), P G (g_,g+). 

Case p G (q-, q+): By (Hi) and (iv) in Proposition 2.1, there exist po, Qq such that 
q- < Po < p < qo < q+ and w G Ap_ fl RH,q^-.i. 
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The desired estimate (5.2) is obtained by applying Theorem 2.2 with underlying mea- 
sure dx and weight w. Hence, it suffices to verify (2.1) and (2.2) on D = for 

T — VI/~^/^, S = I and Ar = I — {I — ^)'", with m a large enough integer. These 
conditions will be proved as in [Aus] , but here we use the whole range of exponents for 
which the Riesz transforms arc bounded on unweighted spaces, that is, (Q'_,g_|_). 

Lemma 5.3. Fix a ball B. For f e and m large enough, 

(/ \vL-''\i-e-^''rfrdxY' <Y,g,{j){-l i/rdx)™ (5.3) 

and for f G U"" such that V/ G U"' andl<k<m, 

(hve-^^'^frdx)^' < Y.g2U){i \vfrdx)^\ (5.4) 



where gi(j) = C„2^'^4-"^^' and g2{j) = C„2^' J2i>j'^^^ ^''^ for some 6 > 0. 

Assume this is proved. Note that if 2m > 9 then ^j>i5'i(i) < oo and the first 
estimate is (2.1). 

Next, expanding Ar — I — {I — e~^^^)"*, the latter estimate applied to S^f in place 
of / (since S^f e 1^° and VS^f e 1^°) and the commuting rule ArS^ — S^Ar give us 

(hvs^AfrdxY < J292U)(-f \vsjrdxY\ 

JB j^l J 1^'^^ B 

By letting £ go to (the justification uses the observations made at the beginning 
of this section and is left to the reader), we obtain (2.2) using Yl:j>i9'i{j) < 
Therefore, by Theorem 2.2, (5.2) holds for f eLf. 

Proof of Lemma 5.3. We begin with the first estimate. Decomposing / as in (4.7), 

\vL-^/\i-e-'"''rfrdxY <Y.{j \^L-^'\i-e-'"''Tf,rdxy 



For j = 1, since g_ < po < VL ^/'^ and e ''^^ are bounded on by Theorem 5.1 
and Proposition 3.3. Hence, 

(£ |VL-V2(/ _ e-^^)-/,|Po^^)™ < (^^^ \frdxY. 
For j > 2, we use a different approach. If h E L"^, by (5.1) 

VL-V2(7 _ e-'^'^rh = ^ TVt VifiL, t)h -, 

V^r Jo i 



where (p{z,t) ~ e *^ (1 — e ^^^)"*. The functions r]±{-,t) associated with (f{-,t) by 
(4.3) satisfy 
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Since y^Ve~^^ G O(L^0— L^") (note that po ^ ^(-^) and we are using the equivalence 
between the two notions of off-diagonal estimates for the Lebesgue measure), 



(^j J ri+{z)VtWe-'^fjdz''" dxY' 
t/ r_j_ J H v/ 1 I 



Observing that when 2m> 62 

and plugging this, plus the corresponding term for r_, into the representation (4.2), 
we obtain 

{j^\we-'\i-e-^'^rf,rdxY < {£\viv^mt)f,rdx)^^ 

< 2n0l-2m)ff \f\P0dx)^. (5.5) 

This readily yields the first estimate in the lemma. 

Let us get the second one. Fix 1 < k < m. Let / G L^" such that V/ G U^". We 
write h = f — fiB where fxB is the (ia;- average of / on A i?. Then by the conservation 
property (see [Aus]) e"*^l = 1 for alH > 0, we have 

Ve-'^ ^/ = Ve-'^ ^ (/ - /4 b) = Ve-*= '■^ ^/i = ^ Ve-'^ ^/i,- , 
with hj = h Xcj(B)- Hence, 

JB j^-^ JB 

Since po < go and po, go e 1C{L), %/t Ve"*^ G ^(i/o -L«o). This and the L*"'-Poincare 
inequality for dx yield 



< — (i \f-hBrdxY 



2j{fi+f2) g-Q;4-' 
< 
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which is the desired estimate with Q — D 



Case p G (q-,q+)- Take pojQ'o such that g_ < po < 5+ and po < P < ?o < 
Let Ar = I — {I — e"^ '^)™ for some m > 1 to be chosen later. As po G 
both VI/" -"^/^ and Ar are bounded on ^^{w) (we have just shown it for the Riesz 
transforms and Ar are bounded uniformly in r by Proposition 3.4). By Theorem 2.2 
with underlying doubling measure dw and no weight, it is enough to verify (2.1) and 
(2.2) on P = for T = VL'^/^ 5 = / and A- To do so, it suffices to copy 
the proof of Lemma 5.3 in the weighted case by changing systematically dx to dw, 
off-diagonal estimates with respect to dx by those with respect to dw given the choice 
of po, 9o- Also in the argument with dx we used a Poincare inequality. Here, since 
Pq G Wu,(g_,g+), w G ^po/<?- i'^ particular w G Ap^ (since g_ > 1). Therefore we 
can use the L^"(w)-Poincare inequality (see [FPW]): 

(£ 1/ - fB,^r dw) ^ < r(i?) (£ I v/r° dw) ^ 

for all / G L\^^{w) such that V/ G LfQ°j.(w), where fB,w is the dw-average of / over B. 
We leave further details to the reader. 



Case p G (^_,5+): Take po)?o such that g_ < go < 5+ and g_ < po < P < ?o- Set 
.Ar = / — (/ — e^*" ^)™' for some integer m > 1 to be chosen later. Since go (gl, g+), 
it follows that VL^^/^ is already bounded on L'^°{w) and so is Ar- That VL~^/^ is 
bounded on IJ'{w) will follow on applying Theorem 2.4 with underlying measure w. 
Hence it is enough to check both (2.4) and (2.5). 

We begin with (2.5). By Proposition 3.4, inf ^'^^(L) = inf/C^(L) = g_. Since 
Po > q- and po < go e >V^(g_,g+) C yV^(p-,p+) C Jw{L), we have po,go G Jw{L) 
and so e"*^ G C(LW'(w) - L«o(w)). This yields (4.11), hence (2.5) with g{j) = 
C 2-' (^1+^2) g-c4^ which clearly satisfies g{j)2^-' < 00, with D the doubling order 
of dw. 

We next show (2.4). Let / G be supported on a ball B and j > 2. The 
argument is the same as the one for (5.5) by reversing the roles of Cj{B) and B, and 
using dw and y/zVe^^^ G (9(L*'°(w) — L*'"(w)) (since po G K,w{L)) instead of dx and 
ViVe"^^ G C>(LPo - LPo). Hence, we obtain 

|VL-i/2(7-e-'-'^)™/rciw;)™ <2^'(^i-2"') l/r^iw;)^ 

provided 2m> 62 and it remains to impose further 2m> 6i-\- D to conclude. □ 

Remark 5.4. If >V^(g_, g+) 7^ 0, the last part of the proof yields weighted weak-type 
(g_, g_) of VL"^/^ provided g_ G Kw{L), one only needs to take po = g_. 
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Remark 5.5. Theorem 5.1 asserts that Int/C(L) is the exact range of W bound- 
edness for the Riesz transforms when w — 1. When w 7^ 1, we cannot repeat the 
same argument as it used Sobolev embedding which has no simple counterpart in the 
weighted situation. However, if we insert in the integral of (5.1) a function m{t) with 
m G L°^(0, 00), then (5.2) holds with a constant proportional to ||m||oo- Indeed, Let 
<fm{z) = z^/'^e~*^ m{t) for z e E^, d < ji < 7r/2. Then, is holomorphic in 
and bounded with ||</?m||oo ^ c^||"^||oo- Now for / e L^, 

r"00 



hence, combining Theorems 4.2 and 5.2, we obtain for p e Int/C^(L), 

dt 

T 



POO 

Jo 



, , , ^ ll"^l|co \\J \\LP{w)- 



< \\J\\LP{w)- 

LP{w) 



Conversely, given an exponent p G (l,oo), assume that this Wiw) estimate holds for 
all m G Using randomization techniques which we skip (see Section 8 for some 
account on such techniques), this implies 

(^~|^Ve-/l^f)* 

This square function estimate is proved directly in Section 7 and we indicate at the 

end of that section why this inequality implies p G lCyj{L). Thus, the range in p is 
sharp up to endpoints (see Proposition 3.4). 

6. Reverse inequalities for square roots 

We continue on square roots by studying when the inequality opposite to (5.2) hold. 
First we recall the unweighted case. 

Theorem 6.1. [Aus] //max {l, ^^g^} <P< P+{L) then for f eS, 

ll^^/Vllp<l|V/||,. (6.1) 

To state our result, we need a new exponent. For p > 0, define 

_ nry,p 

Pw,* — , ) 

nryj+p 

where — inf{r > 1 : w E Ar}. Set also pj^ = nr'^-p p < nr-w and p* = 00 
otherwise. Note that {Pw,*)w — P- 

Theorem 6.2. Let w e with >V^(p_(L),p+(L)) 7^ 0. // max I , (p_)u, ^, I < 
p < p+ then for / G <S, 

\\L'/'f\\Lp(..) < IIV/IU.H. (6.2) 

Remark 6.3. Recall that p_ = P-{L) r-y, and we have (p_)^ * < pL < p_. If P-{L) — 
1, then {j)-)w,* < fw, so max | r^, , (p-)^^,* } — — p_. This happens for example 
when L is real or when n = 1,2. 

Define W'^''^{w) as the completion of S under the semi-norm || V/||lp(«i)- Arguing 
as in [ATI] (see [Aus]) combining Theorems 5.2 and 6.2, we obtain the following 
consequence. 
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Corollary 6.4. Assume ( g_(L), 7^ 0. Ifp G lntlCyj{L) with p > Vy,, then 

L-*-/^ extends to an isomorphism from W'''^{w) into Wiw). 

Proof of Theorem 6.2. Wc split the argument in three cases: p G p G 

(p_,p+),pG (max{r^, 

Case p G It relies on the following lemma. 

Lemma 6.5. Let po G Int J7(L) and go £ ^(-^) with po < qq. Let B be a ball and 
m > 1 an integer. For all f & S, we have 



iLV2(/_e-^^)-/|porf3;yo < y^g,{j)(i \vfrdxY' (6.3) 

form large enough depending onpo and qo, and 

(/ \L'^V-{I-e-^''r)frdx)^ <J292U)U, \L'/'frdxY\ (6.4) 

where gi{j) = 0^2^^ 4~"^^ and g2{j) = Cm^^^ e~"^ for some 9 > 0, and the implicit 
constants are independent of B and f. 

Admit this lemma for a moment. Since p G = yV^(p_,p+), by (Hi) and 

(iv) in Proposition 2.1, there exist po, qo such that 

P- < Po < P < 9o < P+ and w G n RH^qa y. 

Note that (6.3) and (6.4) are respectively the conditions (2.1) and (2.2) of Theorem 
2.2 with underlying measure dx and weight w, T = L^/^, Ar — I — {I — e~^ ^)'", with 
m large enough, and Sf = V/. Hence we obtain (6.2). 

Proof of Lemma 6.5. We first show (6.4). Using the commutation rule and expanding 
(7 - e-''"-^)"* it suffices to apply (4.8) as po, qo G J{L) to h ^ L^/^f. 

We turn to (6.3). If ip{z) = z^/^{l - e"'^'^)'", then ip{L)f = L^/^{I - e"'-'^)"*/. By 
the conservation property 

<p{L) f = <p{L) if - f,B) = (6-5) 

where hj = (/ — /4s) 0j. Here, (j)j = Xcj(b) 3 — 0i is a smooth function with 
support in 4 5, < 01 < 1, (61 = 1 in 2 5 and ||V0i||oo ^ C /r and, eventually, 
02 is taken so that X]j>i0i ~ ^- estimate each term in turn. For j = 1, since 
P- < Po < p+, by the bounded holomorphic functional calculus on L^" (Theorem 4.1) 
and ^{L) hi = {I — e"*" ^)'^ L^/'^hi, one has uniformly in r. 

Next, Theorem 6.1, L^"-Poincarc inequality and the definition of hi imply 

W^hiW,, < iiv/iiiu < I|v/|Upo(4b). 

Therefore, 

(-f\if{L)hirdx)^'<(-f \wfrdx)^\ 

*/ B JAB 
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For j > 3, the functions ri± associated with ip by (4.3) satisfy 

\v±{z)\ < 1^1^+3/2 ' 

Since po e JiL), {e-'^},^r± E 0{Lp^ - LP") and so 



(-[ f e~'^hj dz dxy° < f (-1 \e-'^hj\P° dx\ "° \r]+(z)\ \dz\ 

JB r_|_ 




\hj\"'' dx 



PO 



-2m- 



^ ^ 72'+i B ^ 



provided 2 m + 1 > ^2, where the last inequahty follows by repeating the calculations 
made to derive (5.6). The term corresponding to r_ is controlled similarly. Plugging 
both estimates into the representation of ip{L) given by (4.2) one obtains 



|(^(L)/i,f » dx) ™ < 2^(^i-2"»-i) y 2' f -/ IV/I^'" dx] 



The treatment for the term j = 2 is similar using 

Ihl <\f- /4b| X8B\2B - 1/ - /sbI X8B\2B+\f4B " /2b| X8B\2B ' 

Applying Minkowski's inequality and (6.5), we obtain (6.3). The lemma is proved. □ 

Case p G (p_,p+): Take po, qo such that p- < po < p+ and po < p < qo < p+. Observe 
that Po G Ww{p-,P-{-) C lntJ'yj{L) and qo G Jw{L). The proof of Lemma 6.5 extends 
mutatis mutandis with dw replacing dx since there is an L*'°-Poincare inequality for 
dw (see Section 5). It suffices to apply Theorem 2.2 with underlying measure dw and 
no weight. We leave further details to the reader. 

Case p G (max , (p_)u,^*},p+): It follows a method in the unweighted case by 
[Aus] using an adapted Calderon-Zygmund decomposition. 

Lemma 6.6. Let n > 1, w E A^o and 1 < p < 00 such that w G Ap. Assume that 
f E S is such that ||V/||lp(w) < 00. Let a > 0. Then, one can find a collection of 
balls {Bi}i, smooth functions {bi}i and a function g G Ll^^{w) such that 

f-9 + J2^i (6.6) 

i 

and the following properties hold: 

|Vg'(x)| <Ca, for /i-a.e. x (6.7) 



suppbiCBi and / \Vbi\P dw < CaPw{Bi), (6.8) 
Jb, 

Y.'^{Bi)<-J \Vf\^dw, (6.9) 
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Y.Xb^<N. (6.10) 



where C and N depends only on the dimension, the doubling constant of /i and p. In 
addition, for 1 < g < p^, we have 



\h\Uwy <ar{Bi). (6.11) 



Proof. Since w G Ap, we have an L^{w) Poincare inequality (see [FPW]). On the 
other hand, as w & Ap and 1 < g < (if p = 1, i.e. w G Ai, it holds also at 
q — 1*^ — when n > 2) we can apply [FPW, Corollary 3.2] (when checking the 
"balance condition" in that reference we have used that w & A^- implies (|-E'|/|i?|)'' < 
w{E)/w{B) for any ball B and any E C B). Thus there is an U'{w) —L^{w) Poincare 
inequality: 

(£ 1/ - fBA'dw)' < r{B) (£ \Vf\^dwf (6.12) 

for all locally Lipschitz functions / and all balls B. These are all the ingredients 
needed to invoke [AMI, Proposition 9.1]. □ 

We use the following resolution of L^/^: 



L^'^f = ^ / 

VTT Jo 



°° df 



It suffices to work with . . ., to obtain bounds independent of R, and then to 
let £ J, and i? | oo: indeed, the truncated integrals converge to L^^'^f in when 
/ G iS and a use of Fatou's lemma concludes the proof. For the truncated integrals, 
all the calculations are justified. We write L^/^ where it is understood that it should 
be replaced by its approximation at all places. 

Take qq so that p- < qo < p+. By the first case of the proof, 

ll^'/VlU«oH < ||V/|U,oH. (6.13) 

We may assume that max{r„,, (p_)^^* } < p < p_, otherwise there is nothing to 
prove. We claim that it is enough to show that 

||i^^/Vl|L..^H < IIV/IU.H. (6.14) 

Assuming this estimate we want to interpolate. To this end, we use the following 
lemma. 

Lemma 6.7. Assume r > r^. Then V = {(-A)V2/ ; / e 5,supp/ C \ {0}} is 
dense in L^{w), where f denotes the Fourier transform of f. 

Proof. It is easy to see that T> C S hence T> C V'{w). As in [Gra, p. 353], using that 
the classical Littlewood-Paley series converges in U{w) since w G A^, it follows that 
the set 

P = {(? G iS : supp^ C M" \ {0}, supp^ is compact} 

is dense in U{w). We see that T> (Z T) and so D is dense in U'{w). For g & V, 
f = {-A)-^/^g is well-defined in S as /(^ = c\^\-^/^g{^) and supp/ C M" \ {0}. 
Hence, g = {-Af'^f eV. □ 
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If r > r^, the usual Ricsz transforms, V(— A) , are bounded on L^{w) (this can 
be reobtained from the results in Section 5). Also, for g e L'^{w), one has 

using the identity -I = Rj + \- where Rj = dj{-A)-^/'^. Thus, for g e V, 

Li/2(-A)-i/2^ = L^V if / = (-A)-V2^ and ||V/|U^(^) ~ ||^|U.(^) for r > r^. As 
rw < p < qo, (6.13) and (6.14) reformulate into weighted strong type (go, Qo) and weak 
type (p,p) of T = L^/^(— A)~^/^ a priori defined on T>. Since T> is dense in all U{w) 
when r > r^j, by the above lemma, we can extend T by density in both cases and their 
restrictions to the space of simple functions agree. Hence, we can apply Marcinkiewicz 
interpolation and conclude again by density that (6.13) holds for all q with p < q < qo 
which leads to the desired estimate. 



Our goal is thus to establish (6.14), more precisely: for / e 5 and a > 0, 

wilL^/Vl > a} = w{x e K" : {L'^'^fixM > a} < — [ |V/|^dw. (6.15) 

Since p > r^, we have w G Ap. From the condition (p_)u,^^ < p, we have p_ < pj^. 
Therefore, there exists q G {p-,p+) = Int j7w(L) such that p^ < q < p^. Thus, we 
can apply the Calderon-Zygmund decomposition of Lemma 6.6 to / at height a for 
the measure dw and write f = g + J2i ^i- Using (6.13), (6.7) and qo > p, we have 



w 



> -) < — /" \L^/^g\iodw< — [ \Vg\''°dw<— [ \Vg\Pdw 



<^ [ \Vf\^dw+^ [ \ 



p 1 
dw < — 



\Vf\^dw, 



where the last estimate follows by applying (6.10), (6.8), (6.9). 

To compute i>^/^(Ei h), let = 2^ if 2^ < r{Bi) < 2^=+^ hence ~ r{Bi) for all i. 
Write 



^1/2 



Le 



dt 



+ 



1 



1 r 

and then 

-{| E^'^'^^l > ^} ^ -(U + -{| E^a| > f } 

+ «,((M"\U4s.)n{|ErAl>^}) 

f \Vffdw + I + II, 



where we have used (6.9). We estimate //. Since q G Jw{L), it follows that the 



-tL 



(9(L5(w) — L'i{w)) by Proposition 3.4, hence 



dw 



i i>2 



dt 
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J>2 



2jdi y 



O2 c4Pr^ 



dt 



i j>2 

where we have used (6.11) and (6.9), and D is the doubhng order of dw. 

It remains to handhng the term /. Using functional calcuhis for L one can compute 
Ui as rl^il){rfL) with ip the holomorphic function on the sector Tit^/2 given by 

r°° df 

i^{z)^cj^ ze-'^^^. (6.16) 

It is easy to show that |'?/'(-2)| < C\z\^^'^e~'^^^\ uniformly on subsectors S^, < < |. 
We claim that, since q e Int Jw{L), 



< 



fcez 



Li{w) 



(6.17) 



Li(w) 



The proof of this inequality is postponed until the end of Section 7. We set — 
E...=2^?7- Then, 

Using (6.17), the bounded overlap property (6.10), (6.11), rj ~ r{Bi) and (6.9), one 
has 

\bAi 



I < 



1 



< 



1 



Li{w) ai 



' <1 



E 



< J]«;(5,)<^ / \Vf\Pdw. 



Collecting the obtained estimates, we conclude (6.14) as desired. □ 
Remark 6.8. If w e Ai, )%,(p_(L),p+(L)) 7^ and {p-)w,* < 1 then for all / e 5 

This (that is (6.15) with p = 1) uses a similar argument (left to the reader) once 
we have chosen an appropriate q for which L^{w) — L'^{w) Poincare inequality holds: 
since w G Ai, one needs q < As = 1, the assumption (p^)^,* < 1 means that 
p_ < and so we pick q e Int Jw{L) with p_ < q < 

7. Square functions 

We define the square functions for a; G M" and f G L'^, 

9Lf{x) = 



|(^L)V2e-*^/(x)r^)^ 



GLf{x) = [j^\Ve-''^f{x)\'dt) 



22 



PASCAL AUSCHER AND JOSE MARIA MARTELL 



They are representative of a larger class of square functions and we restrict our dis- 
cussion to them to show the applicabihty of our methods. They satisfy the following 
W estimates. 

Theorem 7.1 ([Aus]). 

Int {1< p < oo : Wg^fW, - V/ e L^' n L^} = (p_(L),p+(L)) 

and 

Int {1< p < oo : ~ ||/||„ V/ e i7 n L^} = (?_(L), g+(L)). 

In this statement, ~ can be replaced by <: the square function estimates for L 
(with <) automatically imply the reverse ones for L* . The part concerning ql can be 
obtained using an abstract result of Le Merdy [LeM] as a consequence of the bounded 
holomorphic functional calculus on L^. The method in [Aus] is direct. We remind the 
reader that in [Ste], these inequahties for L = — A were proved differently and the 
boundedness of G_a follows from that of g'-A and of the Riesz transforms A)~^/^ 
(or vice- versa) using the commutation between dj and e~*^. Here, no such thing is 
possible. 

Wc have the following weighted estimates for square functions. 
Theorem 7.2. Let w e A^. 

(a) IfyVyj{p-{L),p+{L)) ^ and-p e Int Jyj{L) then for all f e we have 

\\gLf\\Lv{w) < ||/IUn«;)- 

(6) IfWy,{q-{L),q+{L)) ^ and p e Int /C^(L) then for all f e L'^ we have 

\\GLf\\LP{w) < 

Note that the operators {t L)^^"^ e~^^ and Ve^*^ extend to L'^{w) whenp G Int Juj{L) 
and p e Int/C^(L) respectively. By seeing ql and Gl as linear operators from scalar 
functions to H- valued functions (see below for definitions), the above inequalities ex- 
tend to all / e U'{w) by density (see the proof). 

We also get reverse weighted square function estimates as follows. 

Theorem 7.3. Let w e A^o- 

(a) IfyV^{p-{L),p+{L)) andpe Int Jyj{L) then 

\\f\\L.M<\\9Lf\\L.M, feLPiw)nL'. 

(b) If ryj < p < oo, 

II/IIlph < IIG^/IIlph, /eL»nL2. 

The restriction that f E L"^ can be removed provided gi and Gl are appropriately 
interpreted: see the proofs. We add a comment about sharpness of the ranges of p at 
the end of the section. 

As a corollary, g^ (resp. Gl) defines a new norm on LP^w) when p e hii Jyj{L) 
(resp. p e Int/C^(L) and p > r^)- Again, Le Merdy's result cited above [LeM] also 
gives such a result for gL, but not for Gl- The restriction p > in part (b) comes 
from the argument. We do not know whether it is necessary for a given weight non 
identically 1. 
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Before we begin the arguments, we recall some basic facts about Hilbert-valued 
extensions of scalar inequalities. To do so we introduce some notation: by H we mean 
L^((0, oo), y) and ||| ■ ||| denotes the norm in H. Hence, for a function /i : x (0, oo) — > 
C, we have for x e E" 

\ih{x,-)\i={j^^\h{x,t)\'jy\ 

In particular, 

g,f{x) = \ML,.)f{x)\l 

with (f{z,t) = {tzY^'^e'^^ and 

G^/(x) = |||V^(L,-)/(x)||| 

with (p{z,t) = x/ie"*^. Let L^{w) be the space of H-valued LP(w)-functions equipped 
with the norm 

l|/^l|LSH=f/ \lh{x,-)rdw{x) 

Lemma 7.4. Let /i be a Borel measure on {for instance, given by an weight) . 
Let 1 < p < q < oo. Let T> be a subspace of Ai, the space of measurable functions in 
W\ Let S,T be linear operators from V into A4. Assume there exists Cq > such 
that for all f E V, we have 

\\Tf\\L'>i,)<CoJ2^j\\SfUpiF,,,), 

i>i 

where Fj are subsets o/M" and aj > 0. Then, there is an M-valued extension with the 
same constant: for all / : M" x (0, oo) — > C such that for {almost) allt > 0, /(•, t) e V, 

The extension of a linear operator T on C-valued functions to H-valued functions is 
defined for a; e M" and t > by {Th){x, t) = T{h{-, t)) {x), that is, t can be considered 
as a parameter and T acts only on the variable in M". This result is essentially the 
same as the Marcinkiewicz-Zygmund theorem and the fact that EI is isometric to 
That the norm decreases uses p < q. We refer to, for instance, [Gra, Theorem 4.5.1] 
for an argument that extends straightforwardly to our setting. 

Proof of Theorem 7.2. Part (a). We split the argument in three cases: p e 

p e {p-,p+), p e {p-,p+). 

Case p e (p_,p+): By Proposition 2.1, there exist po, Qq such that 

P- < Po < p < qo < p+ and w G Ap_ fl RH/q^y. 

We are going to apply Theorem 2.2 with T = gL, S = I, Ar = I - {I - e"''"-^)™, 
m large enough, underlying measure dx and weight w. We first see that (2.2) holds 
for all / e L^. Here, we could have used the approach in [Aus], but the one below 
adapts to the other two cases with minor changes. 
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As po, 9o e J{J^) and po < qo, we know that e"*-^ G 0(L*'o - L'^o). If 5 is a ball, 
j >1 and e with supp C Cj{B) we have 

le-'^-'^^r^cix)^ <Co2^(^^+'^)e-"^' l^r^x)™. (7.1) 

Lemma 7.4 applied to S = I, T: Lp° = Lp°{W^, dx) — > 1^° = Li°{W, dx) given by 

\B\<'o 

yields 

(/ |||e-'=^'^^(x,-)||r°tix)^ <Co2^(^^+'^^)e-"^^ (/ \\g{xr)r dx)^' (7.2) 

for all gi e with supp5i(-,t) C Cj{B) for each f > 0. 
As in (4.7), for h e write 

h{x,t) = ^hj{x,t), xeW,t>Q, 
where hj{x,t) = h{x,t) Xcj{B)i^)- Using (7.2), we have for 1 < /c < m, 

< J22^ie,+e,)^-a4Wf \ih{x,-)\rdx)^\ (7.3) 



J>1 



Take h{x,t) = {t L)^/^ e-'^f{x). Since £fL/(a;) = \lh{x,-)\l and f e L'^, h e by 
Theorem 7.1 and 

g,,(e-'=^^^/)(x) = (^J^^\{tLy/'e-'^e-'^''^fix)\'jy = |||e-'='^^ ^M^, Oli. 
Thus (7.3) implies 

(/ |^L(e-^^^^/)rMa;)^ < ^2^(^^+^^)e-"^^ (/ \gLfr dxV^ 



and it follows that satisfies (2.2). 

It remains to show that (2.1) with Sf = f holds for all / G L^. Write / = Xlj>i fj 

as before. If j = 1 we use that both gL and (/ — g"''^'^)™ are bounded on (see 
Theorem 7.1 and Proposition 3.3): 

[j^\gL{I-e-^'^rhrdxY' < [jjfrdx)^\ (7.4) 
For J > 2, we observe that 

aoo rlf\- 
|(tL)VV*^(7-e-^^)-/,(x)r|)^ = Mh-)fAx)\\ 
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where (p{z,t) = {t z)^^^ e *^ (1 — e ^'^^y'". As in [Aus], the functions r]±{-,t) associated 
with (f{-,t) by (4.3) verify 



\v±{z,t)\ 



< 



^1/2 



„2m 



Thus, 



ll^±(^,-)|||< 



(1^1 +t)3/2 {\z\+t)"^' 



Am 



z e r±, i > 0. 



at \ 
T ) 



\m+l ' 



(7.5) 



/o i\z\+tr (|z|+i)2- i 

Next, applying Minkowski's inequahty and e~^^ e OiU"^ — since po £ JiJ-)-, we 
have 



e-'^fj{x)r]+{z,-)dz dxY° 



< 



< 



e /j-(a;)| lll^+(^,-)||| M^l 



po 



e-'^fjlP'dx 

02 



PO ' 



\Z 



m+1 



\dz\ 



e s 



C^(B) 



\frdx 



CAB) 



provided 2m > ^2- This plus the corresponding term for r_ yield 

|^L(/-e-'^'^)"^/,r(ix)™ <2^ ('^i-2-) 

Collecting the latter estimate and (7.4), we obtain that (2.1) holds whenever 2m > 
max{6'i, 6*2}. 



(/ IfrdxVr (7.6) 



Case p G (p_,p+): Take po,qo such that p- < po < p+ and po < p < qo < p+- Let 
Ar — I — {I — '^)™ for some m > 1 to be chosen later. Remark that by the 
previous case, ql is bounded in 17° [w) and so does Ar by Proposition 3.4. We apply 
Theorem 2.2 to T = and S = I with underlying measure dw and no weight: it is 
enough to sec that ql satisfies (2.1) and (2.2) on L^. But this follows by adapting 
the preceding argument replacing everywhere dx by dw and observing that e~^^ G 
0{U'°{w) - L*'(w)). We skip details. 

Case p G (p_,p+): Take po,qo such that p- < qo < p+ and p- < po < p < go- Set 
Ar = I — {I — ^)'" for some integer m > 1 to be chosen later. Since q^ G (^-5^+), 
by the first case, is bounded on L'^"{w) and so does Ar by Proposition 3.4. By 
Theorem 2.4 with underlying Borel doubling measure dw, it is enough to show (2.4) 
and (2.5). Fix a ball B, f ^ supported on B. 

Observe that (2.5) follows directly from (4.11) since po,qo G Jw{L) and p^ < qo- 
We turn to (2.4). Assume j > 2. The argument is the same as the one for (7.6) by 
reversing the roles of Cj{B) and B, and using dw and e~^^ G 0(^Lp°{w) — LP"{w)) 
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(since Pq E Jw{L)) instead of dx and e"^-^ G 0[Lp° - 1'^"). We obtain 

(/ |(?L(7-e-'-'^r/rd«;)^ <2^'(^i-2™) (/ \f\''°dw)^ 

provided 2m> 62 and it remains to impose further 2m > 9i + D to conclude, where 
D is the doubhng order of w. □ 

Proof of Theorem 7.2. Part (h). We split the argument in three cases: p G (g_,5+), 
P e (?-,?+), P e (?-,9+)- 

Case p e (51, 5+)- By Proposition 2.1, there exist po, Qq such that 

q- < Po < p < qo < q+ and w G fl RH^qgy. 

We are going to apply Theorem 2.2 with underlying measure dx and weight w to 

T = Gl, S = I, Ar = I - {I - e-'"^)", m large enough. We begin with (2.2). Fix 
1 < k < m and B a ball. Combining (5.4) and Lemma 7.4 with T — Ve"'^'" ^ and 
5* = V, wc obtain 

/ \lVe-'^''^hix,-)rdxY° <J292ij)(i |||VM^,-)|irrf^)^ 

with c/2(i) = E«>i2^''e-"^' for some ^ > whenever /i: x (0,oo) — ^ C 

is such that h and V/i belong to L^'' (our space V). Setting h{x,t) = \/te^*^f{x) 
for / G , we note that h{-A) G L^o and V/i(-,t) G L^' for each t > 0. Hence, 
the above estimate applies. Since |||V/i(a;, •)||| = G^fix) and |||Ve~*^^^^/i(a;, •)||| = 
GLie"^'^^ ^ f){x), we obtain 

U \GL{e-''-'''^f)rdxY° <J292ij)(-f IG^/rdx)™, 

J B J '2^'^^ B 

which is (2.2) after expanding Ar- 

It remains to checking (2.1) for Gl and S — I ior f E L^. Fix a ball B. As 
before, write / = J2j>ifj where fj — f Xcj{B)- Since po E Int AI(L), both Gl and 
(7 — e~'^^ ^)"* are bounded on LP" by Theorem 7.1 and Proposition 3.3. Then for j — 1 
we have 

GL{i-e-^"'^rf,rdxY<(-i- \frdxY. (7.7) 

For j > 2, we observe that 

aoo flf\- 
|x/tVe-*^ (/ - e-'^^^)™/,(a:)r-) ' = |||V(^(L, ^/.(x)! 

where (fi{z,t) — y/ie~^^ (1 — e"''^^)'". As in [Aus], the functions r]±{-,t) associated for 
each t > with </?(•, i) by (4.3) verify 



Vt r^"* 

l^±(^,^)l ^ — — ^Gr±, t>o, 

and so 

III r Mil ^ f r t r^™ dt\^2 . 
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Using Minkowski's inequality and y^Ve G 0(^LP" — L^") since po G }C{L), 



{£l\l Ve-^^/,(x) 77+(z, •) dzf dx) '° 



J B 



T 

< 

< 



^/^Ve-^V,■(x)||||77+(z, 



N PO \ 

1 dx\ 



PO 



„2m 



T 



2^r 



|^|m+l/2 |^|l/2 



< 2^'(^i-'"^) ( / \frdx' 
^Jcj{B) ^ 

provided 2m> 02. This, plus the corresponding term for r_, yields 

(/ \Gl{I - e-''''rfj\P° dx)^ <2^^^'-^"'U-[ \f\P'dx)^. 
Collecting the latter estimate and (7.7), we obtain by Minkowski's inequality 

\frdx)^\ 



(7.9) 



Therefore, (2.1) holds on taking 2m > sup(6'i, 62). 



CAB) 



Case p G (g_,$+): Take po,?o such that gl < po < 5+ and po < p < qo < q^. Let 
= ^ (-^ ~ e"'' '^)™ for some m > 1 to be chosen later. As Pq G {q-,q+), both 
and are bounded on U'°{w) (we have just shown it for Gl and Proposition 3.4 
yields it for Ar with a uniform norm in r). By Theorem 2.2 with underlying doubling 
measure dw and no weight, it is enough to verify (2.1) and (2.2) on D = for 
T = Gl, S = I. It suffices to copy the preceding argument replacing everywhere dx 
by dw, observing that po,qo G K^w{L) implies weighted off-diagonal estimates and an 
IJ'°{w) Poincare inequality, and applying Lemma 7.4 to obtain an HI- valued extension. 
We leave the details to the reader. 

Case p G (g_,g+): Take Po,qo such that gl < go < 9+ and q_ < po < p < qo. Set 



I -{I -e 



-r^ L\m 



for some m > 1 to be chosen later. Since go G (g_,g+), it 



follows that Gl is bounded on L'i°{w) and so is Ar by Proposition 3.4. By Theorem 
2.4 with underlying measure dw, it is enough to show (2.4) and (2.5). 

Observe that (2.5) is nothing but (4.11) since po,qQ G }Cw{L) C Jyj{L). The proof 
of (2.4) is again analogous to (7.9) in the weighted setting exchanging the roles of 
Gj{B) and B. Wc skip details. □ 

To prove Theorem 7.3, part (a), we introduce the following operator. Define for 
/ G L^j and a; G 

T^m^ j\tLY/^e-'^f{x,t)^. 
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Recall that {t ly/^ e-'^f{x,t) = {t Lf/^ e-'^{f{-,t)){x). Hence, Tl maps H-valued 
functions to C-valued functions. We note that, for f E and h e L^, we have 

f TLfhdx= f f f{x,t) {tL*y/^ e-tL*h{x) —dx, 
Jr" Jr" Jo t 

where L* is the adjoint (on L^) of L, hence, 

< / \lf{x,-)l\9L*mx)dx. 



TlJ h dx 

Let p_(L) <p < p+{L). Since = < p' < {p-{L))' = p+{L*), ql- is 

bounded on LP . This and a density argument imply that has a bounded extension 
from to I^. The weighted version is as follows. 

Theorem 7.5. Let w e A^o- Lf yVw{p-iL),p+{L)) ^ andp e Int j;„(L) then for 
all f e L^(R" X (0, oo)) we have 

\\TLf\\LP{w) ^ ||/|U^(«;)- 

LLence, Tl has a bounded extension from L^{w) to L'^iw). 

The duality argument above works for exponents in >V^(p_(L),p_|_(L)), but we do 
not know how to extend it to all of Inti7^(L). Hence, we proceed via a direct proof 
where duality is used only when w — 1. 

Proof. We split the argument in three cases: p G p G p G 

Case p G By Proposition 2.1, there exist po, % such that 

P- < Pq < p < qq < p+ and w G Av_ fl RLL/q^ y. 

We are going to apply Theorem 2.2 (in fact, its vector- valued extension) with un- 
derlying measure dx and weight w to the linear operator T — Tl with S — L and 
Ar — L — {L — ^)^, fn, large enough. Here, Ar denotes both the scalar oper- 
ator and its H-valued extension. We first see that Tl satisfies (2.2) with po? Qo for 
/ G L^(M'" X (0, oo)). Let 5 be a ball. Note that T^A/ = ATl/ with our confusion 
of notation. Hence (2.2) is a simple consequence of (7.1) applied io g = TLf ■ 

Next, it remains to check (2.1). Let / G L^(R" x (0, oo)) and let S be a ball. As 
in (4.7), we write 

/(x,i) = ^/,(x,i), 

i>i 

where fj{x,t) = f{x,t) Xcj{B)i^)- Tl{L — Ar)fi, we use the boundedness of Tl 
from to LJ'° noted above and the boundedness of Ar to obtain 

(/ \TL{L-Ar)frdxY° < (/ IfixrWdxYr 

For j > 2, the functions r]±{z,t) associated with ip{z,t) = (t 2;)^/^ e~*^ (1 — e"''^^)™' by 
(4.3) satisfy (7.5). Hence, 

Po 



{£11 e-'''fj{x,t)ri+(z,t)dzj dx^ 
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< 2^(0,-2m)ff |||/(^,.)|||Po^^yo 
^JCj{B) ' 

where we used the H-valued extension of e~^^ G OilP^ —W^^ and assumed 2m> 62- 
This, plus the corresponding term for r_, yields 

U \TUI - Ar)fjr dxY' <2^^'^-'^U-f \lf{x,-)rdxY° (7.10) 
and therefore (2.1) follows on taking also 2m > 9i. 

Case p G (j>-,p+)- Take po, go with p_ < po < P+ and po < p < qo < p+. It suffices to 
apply the H-valued extension of Theorem 2.2 with underlying doubling measure dw 
and no weight to the linear operator T = Tl, S = I and Ar = I — {I — e^^ ^)™, m 
large enough. This is done exactly as in the previous case. At some step we have to 
use that Tl is bounded from L^{w) to 17° {w) which follows by the previous case. We 
leave the details to the reader. 



Case p G {p-,p+): Take po,qQ with p_ < go < P+ and p_ < po < P < Qo- Since 
go G (p_,pL|_), by the first case, is bounded from L^{w) to L'^°{w) and so does Ar — 
I — {I — ^)"^, m > 1, on L'^{w) by Proposition 3.4 and Lemma 7.4. By Theorem 
2.4 (in fact, its H- valued extension) with underlying Borel doubling measure dw, it is 
enough to show (2.4) and (2.5) onV = L^(M" x (0, 00)) for T = Tl and Ar with large 
enough m. As usual, the latter is a mere consequence of e~*^ G 0{L'^°{w) — L'^°{w)) 
and its H-valued analog. The first condition is again a repetition of the argument for 
(7.10) in the weighted setting switching Cj{B) and B. We skip details. □ 

Proof of Theorem 7.3. We begin with part (a). Fix p G Int Jw{,L) where w G A^o so 
that W^(p_(L),p+(L)) ^ 0. Let / G and define F by F{x,t) = {tLf/'^ e-'^ f{x). 
Note that F G since = llfl'L/lb- By functional calculus on L^, we have 

f^2 (tLy/'e-''^F(;t)^^2TLF (7.11) 
Jo * 

with convergence in L^. Note that for p G Int j7u,(L), e~*^ has an infinitesimal gener- 
ator on U'{w) as recalled in Remark 3.5. Let us call Lp this generator. In particular 
e~*-^ and e"*^^'''" agree on U'(w) fl L^. Our results assert that L^^^ has a bounded 
holomorphic functional calculus on Lp(w), hence replacing L by Lp^^ and / G by 
/ G LP{w), we see that F G /^^(uj) with = \\gLp,^f\\LPiw) and (7.11) is valid 

with convergence in Lp{w) (this is standard fact from functional calculus and we skip 
details). Thus, by Theorem 7.5, 

||/|Up(«;) = '^\\Tlp,^F\\lp(w) < ll-^llLj^(ro) = \\9Lp,^f\\LP{w)- 
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Noting that QLf = gL,,^f when / G n Lp{w) and TlF 
n L^{w), part (a) is proved. 



TrF when F e 



Let us show part (b), that is the corresponding inequahty for Gl- Fix w G Ao 
use the following estimate from [Aus] : for f,h & L"^ 



We 



f hdx 



<(i + 



/ 



G^f G-/s.hdx, 



where G_a is the square function associated with the operator —A. It is well known 
that G-A is bounded on L^(m) for all 1 < g < oo and all u e Aq. Let us emphasize 
that, indeed, the results that we have proved can be apphed to the operator — A and so 
G_A is bounded on L'?(m) for u e A^o and all q e Wu(?_(-A), q+{-A)) = >V„(1, oo), 
that is, for all 1 < g < cxd and u G Aq. 

Coming back to the argument, let p > r^, hence w G Ap. Let / G nLP(u'). Then 



with wn 

ip-i 



I \f\^dw-- 
min{-u;,A^} and h = /|/|^"^ 



lim 

N,k,R^oo 



j 



f hdw 



N 



Note that 



Lp'{wn) ^ 



Xb{o,r) X{o<|/|<fc} 

j^p^^-^ and that hwjy is a bounded compactly supported function, hence in L^. 
Observe that wn e Ap with Ap-constant smaller than the one for w. As observed, 
G_A is bounded on L^' (w]^^ ) since w]^^ G Ap'. Thus, we have 



/ 



f hdw 



N 



f hwN dx 



<(1 + 



ll^lloo) / 



Gif G-/s.{h wn) dx 



<(1 + 

<C\\GLf\\LP 



(wn) 



\hWN\ 



< C \\GLf\\LP{w) 



p-1 
LP(w) 



with C is independent of N, k, R and where we have used that wn < w. Thus taking 
limits iV — >■ oo first and then k ^ oo and i? ^ oo, we obtain 



LP{w) 



< C\\GLf\\LPi. 



w) 



p-1 
LP(w)- 



□ 



Proof of (6.17). The operator in (6.17) is similar to T^, changing continuous times 
t to discrete times and z^^'^e'^ to il>{z). Since ip{z) has the same quantitative 
properties as z^f^e'^ (decay at and at infinity), the proof of Theorem 7.5 applies 
and furnishes (6.17). □ 



Remark 7.6. Int is the sharp range up to endpoints for ~ II J \\lp(w)- 

Indeed, we have gLi^^^^f) < for all t > 0. Hence, the equivalence implies 
the uniform L^{w) boundedness of e~*^, which implies p G Jw{L) (see Proposition 
3.4). Actually, Intj7u,(L) is also the sharp range up to endpoints for the inequal- 
ity ||5'l/IUp(w) ^ ||/||lp(w)- It suffices to adapt the interpolation procedure in [Aus, 
Theorem 7.1, Step 7]. We skip details. 

Similarly, this interpolation procedure also shows that Int /C^(L) is also sharp up 
to endpoints for \\GLf\\Lp{w) < ||/||Lf(«;)- 
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8. Some vector- valued estimates 
In [AMI], wc also obtained vector- valued inequalities. 

Proposition 8.1. Let ^,po,qo,T,Ar,T> be as in Theorem 2.2 and assume (2.1) and 
(2.2) with S = T Let po < p,r < qo- Then, there is a constant C such that for all 

fkev 

II V-''—' / LP(u) II V-''—' / LP(u) 



Let us see how it applies here. 

First, let T = (p{L) (93 bounded holomorphic in an appropriate sector). Theorem 
4.2 says that T is bounded on L'f(w) for all p G Int Jw{L). Also, for po, ^ Int Jw{L) 
with Po < we have L^^^w) — L'^"{w) off-diagonal estimates on balls for Ar = 
I -{I - e-'' ^Y". Hence, we can prove (2.1) and (2.2) with S = I where dx is now 
replaced by w{x)dx by mimicking the first case of the proof of Theorem 4.2 in the 
weighted context. Hence, one can apply the proposition above with d/i — w dx to 
above weighted vector- vahicd estimates for '-fiL) with allp, r G Int j7",i,,(L). 

The same weighted vector-valued estimates hold with all p,r E Int J'yu{L) with 
T = ql starting from Theorem 7.2 and mimicking the proof of its first case with dx 
replaced with w{x)dx. 

If T = V-L~^/^ or T — Gl, then the same reasoning applies modulo the Poincare 
inequality used towards obtaining (2.2). Hence, wc conclude that for both VL~-^/^ 
and Gl, one has (8.1) with d/j, = wdx and p, r G Int ICw{L) n {r^, 00). 

Other vector- valued inequalities of interest are 

IK E E i/^i')' (8-2) 

II V ' / Li(w) II V ' / Lilw) 



Li(w) 

l<k<N ^ ' l<k<N 



for ^ with < a < 7r/2 — 'd and fk G L^{w) with a constant C independent of 
iV, the choice of the Cfe's and the /^'s. We restrict to 1 < g < cxd and w G (we 
keep working on M"). By a theorem of L. Weis [Wei, Theorem 4.2], we know that 
the existence of such a constant is equivalent to the maximal L*'-regularity of L on 
L'^{w) with one/all 1 < p < 00, that is the existence of a constant C' such that for all 
/ G ^^((0, 00), L'^{w)) there is a solution u of the parabolic problem on M" x (0, 00), 

u'{t) + Lu{t) = f{t), t > 0, u(0) = 0, 

with 

lk'||LP((0,oo),L9(^)) + ||-t'ti||LP((0,oo),L9(^)) < C" ||/||lp((o,oo),L9(«;)) ■ 

Proposition 8.2. Let w G ^oo be such that Wu,{p-{L),p^{L)) ^ 0. Then for any 
q G Inti7tu(L), (8.2) holds with C — Cq^w,L independent of N, C,k,fk- 

This result follows from an abstract result of Kalton-Weis [KW, Theorem 5.3] to- 
gether with the bounded holomorphic functional calculus of L on those L'^{w) that we 
established in Theorem 4.2. However, we wish to give a different proof using extra- 
polation and preceding ideas. Note that 2 may not be contained in Int Jw{L) and the 
interpolation method of [BK2] may not work here. 
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Proof. There are three steps. 

First step: Extrapolation. Letting N, (kS and fkS vary at will, we denote T the 
family of all ordered pairs {F,G) of the form 

l<k<N l<k<N 

Then we have for all (F, G) e JT, 

\\F\\mu) < Cu\\G\\l2^u), for all u e n RH^p^/^y- (8.3) 

Recall that 2 e = Int J'(L) and u e ^2/p_ n-R-f/"(p^/2)' means 2 e Wu(p_,p+). 

In particular, {e~''^ : C G So} is bounded in This inequality is trivially 

checked with C„ equal to the upper bound of this family. Applying our extrapolation 
result [AMI, Theorem 4.7], we deduce that, for all p_ < g < and {F,G) e ^ we 
have 

\\F\\lo{u) < Cg,„ ||G'||i.(„), for all u e Ag/p_ n RH^p^/^y. (8.4) 

In other words, for all u e with >V„(p_,p+) ^ 0, (8.2) holds for q e W„(p_,p+) 
with C depending on q and w. This applies to our fixed weight w of the statement 
with q e Wu,(p-,p+). It remains to push the range of g's to all of h\iJw{L). 

Step 2: Pushing to the right. Take po G 1^m>(p-;P+); 1o £ ^'o^^ Jw{L) withpo < Q < Qo- 
Fix N and the Cfe's. To prove (8.2) for that q, it suffices to apply the ^^-valued version 
of Theorem 2.2 with underlying measure dw and no weight to T given by 

T/ = (e-^^^/i, . . . , e-^-^/^r), / = (/i, . . . , /at), 

with S = L To check (2.1) and (2.2) wc use A- = I - {I - e"''"-^)"^ with m large 
enough (here, the £^-valued extension). Pick a ball B and / G (L^)^2. Using that 
g-tL ^ (^(^^"'(tt;) — L''°{wf) wc can obtain (7.2), replacing HI by and with dw 
in place of dx. This and the fact that TAr = AtT yield (2.2). We are left with 
checking (2.1). As usual we split / as Ylij>iXcj{B) f (componentwise). The term 
with Xci{B) f — Xab f treated using the Vp{w) boundedness of T (first step) and 
of / — Ar (£^-valued extension of Proposition 3.4). The terms Xc (b) /' ^ — ^' 
treated using off-diagonal estimates injecting the Khintchine inequality in the process: 
Let F{x) = ||T(/ — Ar){Xc {B) f)i^)\\i^- Let ri, . . . ,rN be the first Rademacher 
functions on [0, 1]. Then, by Khintchine's inequalities (see [Stc] for instance) 

•^^ '<k<N 

J] rk{t)m{L){Xc,iB)h)i^)r dtY° 



l<k<N 
,2 . 



where z i — * Vc,{z) = e~'>^(l — e"'" ^)"* for ^ e S„ is bounded on when •§ < n < 
7r/2 — a. Remark that the functions 77±_^ associated to (^^ by (4.3) are easily shown 
to satisfy 
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where the impHcit constant is independent of zXi^'- Thus, using the representation 
(4.2) for (P(;{L), integrating F{xy° against dw and using Minkowski's integral inequal- 
ity we obtain 

{£F{xr dw{x))^ < [J^'£\e-^'{Xc,iB)H;t,z)){x)rdw{x)dt)^\dz\ 
where 

h{x,t,z)^ J2 rk{t)v+,Cki^)fk{x), 

l<k<N 

plus the similar term on r_. Using e"^"^ G 0(^Lp°{w) — //"^(w)) for z € r_|_, the right 
hand side in the above inequality is bounded by 

\h{x,t,z)\P^dw{x)dt)'' \dz\. 




L 



\Z\ J Wo JC^{B) 

Using again Khintchine's inequality, this is comparable to 




dz\. 



At this point, we use the upper bound on 77^^, and integrate in 2; if 2 m > 6*2 to obtain 
that the latter is controlled by 

l/po 



JCj{B) i<;i.<7V 



The condition (2.1) follows readily if 2m > 6*1 as well. 

Step 3: Pushing to the left. This time, it suffices to use the ^^-valued version of 
Theorem 2.4 with underlying measure dw and exponents % such that < qo < p+ 
and p- < Pq < q < go- Then (2.5) follows from the £^-valued extension of e~*^ G 
0(^U'°{w) — L'^°(w)), and (2.4) is obtained with a similar argument for the one just 
above to prove (2.1), by switching the role of B and Cj{B) {j > 2), and using e~^^ G 
0{U'°{w) - LP^iw)). □ 

Remark 8.3. When w — 1, (8.2) holds for p G Int J7'(L) and recall that this interval 
contains 2. Our proof contains two ways of seeing this. First, apply the extrapolation 
step and specialize to m = 1. Second, apply steps 2 and 3 with w = 1 and transition 
exponent 2 pushing to its right or to its left. Note that one could even reduce things 
to one of those two steps by using duality as, if we denote T by then T* = T^*. 
In [BK2] , Step 3 and duahty is used. However, duality does not seem to work when 
w 7^ 1 on all of Int Jw{L). 

9. Commutators with bounded mean oscillation functions 

Let be a doubling measure in M". Let h G BMO(/x) (BMO is for bounded mean 
oscillation), that is. 



II^'IIbmo(^) = sup f \h- bB\dii = sup [ \b{y) -bB\dii 

B Jb b /^(-Dj Jb 



< 00 
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where the supremum is taken over balls and 6^ stands for the /x-averagc of 6 on i?. 
When d/j, — dx we simply write BMO. If w e (so dw is a doubling measure) then 
the reverse Holder property yields that BMO(w) = BMO with equivalent norms. 

For T a bounded sublinear operator in some L^°(/i), 1 < po < oo, b & BMO, k & N, 
we define the k-th order commutator 

T,'f{x)=T{{b{x)-bff){x), /GLr(^), xGR" 

Note that = T. If T is linear they can be alternatively defined by recurrence: the 
first order commutator is 

nf{x) = [b,T]f{x) = b{x)Tf{x)-T{bf){x) 

and for /c > 2, the k-th order commutator is given by = [b, T^-^]. As it is observed 
in [AMI], T^f{x) is well-defined almost everywhere when / e L'^ifJ-) and it suffices to 
obtain boundedness with b e L°° with norm depending only on ||&||BMO(;i)- We state 
the results for commutators obtained in [AMI]. 

Theorem 9.1. Let /i be a doubling measure on K", 1 < Po < 9o ^ oo and k & N. 

Suppose that T is a sublinear operator bounded on L^"{ijl), and let {Ar}r>Q be a family 
of operators acting from L'^{n) into U'^{^). Assume that (2.1) and (2.2) hold with 
S = I. Let po < p < qo and w G Ap_ fl RH/q^^y. If ^ • g{j) < oo then there is a 

constant C independent of f and b G BMO(;u) such that 

||t,V||l.h<^^||6||Wo(,)II/IUph, (9.i) 

for allfeL^ifi). 

Theorem 9.2. Let k & N, fi be a doubling Borel measure on with doubling order 
D and 1 < po < 9o ^ oo. Suppose that T is a sublinear operator and that T and 
for m = 1, . . . ,k are bounded on L'^°{fj,). Let {Ar}r>o be a family of operators acting 
from L'^{ix) into L«o(^). Assume that (2.4) and (2.5) hold. If^jg{j)2^^j'' < oo, 
then for all po < p < qo, there exists a constant C {independent of b) such that for all 
f G L~(//) and be BMO(/x), 

\\T^f\\LP{,j) < c II^'IIbmo(;u) 

With these results in hand, we have the following theorem. 

Theorem 9.3. Let w G A^o, k E N and b G BMO. Assume one of the following 
conditions: 

(a) T = (p{L) with ip bounded holomorphic on E^, W^(p_(L),p_|_(L)) ^ and p G 
Int J^(L). 

(b) T = >V^(g_(L),g+(L)) ^ and p e Int }Cy,{L) . 

(c) T = gL, W^{p-{L),p+{L)) ^ and p e Int J^(L). 

(d) T^Gl, W^{q-{L),q+{L)) ^ and p G Int/C^(L). 
Then for f e L^(M"), 

\\Tbf\\LP(w) < C II&IIbmo ll/IUfH^ 
where C does not depend on f , b, and is proportional to \\^\\oo in case (a). 
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Let US mention that, under kernel upper bounds assumptions, unweighted estimates 
for commutators in case (a) are obtained in [DY]. 

Proof of Theorem 9.3. Part (a). We fix p e Int Jw{L) and take po, 0.0 G Int Jw{Li) so 
that po < P < ?o- We are going to apply Theorem 9.1 with — dw and no weight to 
T — (p{L) where (p satisfies (4.1). 

First, as po G Int J^{L), Theorem 4.2 yields that '^{L) is bounded on Lp°{w). Then, 
choosing Ar = I — {I — e^^ ^)"^ with m > 1 large enough, we proceed exactly as in 
the second case of the proof of Theorem 4.2. That is, we repeat the computations of 
the first case with dw replacing dx and using the corresponding weighted off-diagonal 
estimates on balls. Applying (4.8) with dw in place of dx to h = ^{L) we conclude 
(2.2). Besides, (4.9) and (4.10) with dw replacing dx lead us to (2.1) (with S = 
I). Therefore, Theorem 9.1 shows the boundedness of the commutators with BMO 
functions since ||6||bmo(^) ~ II^IIbmo as noticed earlier. 

It remains to remove the assumption on </?. This is done easily if one assumes that 
b e L°°. Then the general case with b e BMO follows as mentioned above. □ 

Remark 9.4. The argument is the same as in the second case in Theorem 4.2 but 

for the whole range Int Jw{L) (in place of working with p G (p'_,p+)) since we already 
proved that ^{L) is bounded in \ni Jw{L) by Theorem 4.2. That is, T = ^{L) a 
posteriori satisfies (2.1) and (2.2) for dfi = dw and for a// po, ?o G Int j7u,(L) with 
Po < go- 

Proof of Theorem 9.3. Part (b). We write T = VL"^/^ and we already know that T 
is bounded on L^[w) for p G Int/C^(L) by Theorem 5.2. 

First consider the case p G (g_,g+). We take po,?o so that < pq < 5+ and 
Pq < p < qQ <q^. Let Ar = I — {I — ^)"^ where m > 1 is an integer to be chosen. 
As mentioned in the second case of the proof of Theorem 5.2, Lemma 5.3 holds with 
dw replacing dx. Thus, the hypotheses of Theorem 9.1 are fulfilled with d/i = dw and 
we can apply it with no weight. 

Next we consider the case p G (§1, q+). We take po, qo so that q- < qo < q+ and 
g_ < Po < p < go- Set Ar = I — {I — ^)"^ where m > 1 is an integer to be chosen. 
Notice that we have just proved that the operators T^' for / = 0, . . . , A; are bounded 
on L''°{w) as qo G (g_,$+)- We have already seen in the third case of the proof of 
Theorem 5.2 that T satisfies (2.4) and (2.5) with dfj, — dw. Choosing m large enough 
yields the needed condition for g{j) to apply Theorem 9.2 with d/j, — dw. □ 

Remark 9.5. In contrast with part (a), we do not know if Lemma 5.3 holds in the 
whole range Int/C^(L) with dw replacing dx. Indeed, its proof relies on an Lp°{w)- 
Poincarc inequality which is known only if po > r^^. We get around this obstacle with 
Theorem 9.2 . 

Proof of Theorem 9. 3. Part (c) . We proceed exactly as in part (a) using the argu- 
ments in Theorem 7.2, Part (a), in place of those in Theorem 4.2. Details are left to 
the reader. □ 



Proof of Theorem 9.3. Part (d). We follow the same scheme as in part (b) using the 
arguments in Theorem 7.2, Part (6), in place of those in Theorem 5.2. Details are left 
to the reader. □ 
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Similar results can be proved for the multilinear commutators considered in [PT] 
(see also [AMI]) which are defined by replacing {b{x) — b)'' in T/i^ by 11^=1 (^j(^) ~ ^) 
with bj e BMO for 1 < j < k. Details are left to the reader. 

10. Real operators and power weights 

Let us illustrate our results on Riesz transforms in a specific case and in particular 
discuss sharpness issues. Assume in this section that L has real coefficients. Then one 
knows that q-{L) = P-{L) = 1, p+{L) — oo. 

If n = 1, one has also q+{L) = oo, so that we have obtained for all 1 < p < oo and 
w e Ap, 

\\L^^'^f\\LP{w) ~ ||/'|Up(«;)- 

For p = 1, there are two weak-type (1,1) estimates for Ai weights. In fact, all this can 
be seen from [AT2] where it is shown that L^^ = R£ and £ = MRV-/'^ with R and 
R being classical Calderon-Zygmund operators and M being the operator of pointwise 
multiplication by 1/ a{x) . Thus the usual weighted norm theory for Calderon-Zygmund 
operators applies. 

Let us assume next that n > 2. In this case q+{L) > 2. The next result will help 
us to study sharpness. 

Proposition 10.1. For each q > 2, there exists a real symmetric operator L on 
for which q+{L) — q. 

Proof. This is the example of Meyers- Kenig [ATI, p. 120]. Let q > 2 and set /3 = 
— 2/g G (—1,0). Consider the operator L = — divAV obtained from —A by pulling 
back the associated quadratic form J Vu ■ Vf by the quasi-conformal application 
(p{x) = \x\^x, X e M^. That is, A is obtained by writing out the change of variable in 
the relation 

J A{x)Vu{x) ■ 'Vv{x) dx = j V{uo ip~^){ii) ■'^{v o ip~^){ii) dy, 

with u,v ^ C^(M"'). It is easy to see that A is bounded and uniformly elliptic. Hence, 
M is a weak solution (in W^^^) of L if and only if -u o y?^^ is a weak solution of —A. 
In other words, weak solutions of L are harmonic functions composed with ip. Thus, 
the local integrabihty of the gradient of such a solution is exactly that of Vy?. The 
latter is in near if and only if p < —2/j3 and is bounded locally away from 0. 
Thus, for any weak solution u oi L defined on a ball 25, Vm G L'^{B) for p < —2/(3 
and this is optimal if B is the unit ball. With this in hand, we can apply a result by 
Shen [She] which asserts that q+{L) is the supremum of those p for which all weak 
solutions of L defined on an arbitrary ball have Vu in locally inside that ball. In 
our case, q+{L) — — 2//3 — q. □ 

Remark 10.2. Let us also stress that if 77 is a smooth compactly supported function 
which is equal to 1 in a neighborhood of 0, then v = ipr] satisfies |Vt'(a;)| ~ \x\^ near 
0, whereas \L^/'^v{x)\ < c(l + |a:|)-^ See [ATI, p. 120], for this last fact. 

Let us come back to a general situation and consider the power weights Wa{x) = 
Then, one has p G ( 1, q+{L)^ if and only if 

l<p<g+(L) and n [ ^ - l] < a < n{p - 1). (10.1) 
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For (p, a) tight with these relations Theorem 5.2 yields 

I|V/||lp(|x|") < \\L^^'^f\\LP{\x\")- 

In the latter inequality, we have in fact three parameters: p G (l,oo), a G (— n, oo) 
(for Wa G ^oo) and L in the family of real elliptic operators. One can study sharpness 
in various ways. 

Fix L as in Proposition 10.1 with n — 2. The remark following this result implies 
that the inequality can not hold for any (p, a) with — 2 < a < 2( ^^^^^ — l) since 
in this case, one can produce an /(= v) where the left hand side is infinite and the 
right hand side finite. 

If we fix q; = and L, then the condition 1 < p < q+{L) is necessary (and sufficient) 
to obtain the estimate [Aus]. 

If we fix j9 G (1, oo) and let L and a vary, then one can take L = —A, in which case 
we are looking at the power weight inequality for the usual Riesz transforms. In 
this case, it is known that this forces Wa G Ap, hence a < n{p — 1). 

Let us consider the reverse inequalities. For a given weight w, Theorem 6.2 says 
that the range of exponents for the inequality contains W^(l, oo), which is the set 
of p > 1 for which w & Ap. Hence, for Wa we have 

< ||V/||lp(H«) if -n<a<n(p-l). 

This is the usual range for Calderon-Zygmund operators. This can also be seen from 
the fact proved in [ATI] that L^/^ ^ j^y ^j^^rc T is a Calderon-Zygmund operator. 
Again for fixed p G (1, oo), this range of a is best possible by taking L — —A. 
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